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		WetaDigital

		Abstract

		Wepresentareﬂectancemodelfordielectriccylinderswithroughsurfacessuchashumanhairﬁbers.Ourmodel isenergyconservingandcanevaluatearbitrarilymanyordersofinternalreﬂection.Accountingforcompression andcontractionofspecularconesproducesanewlongitudinalscatteringfunctionwhichisnon-Gaussianand includesanoff-specularpeak.Accountingforroughnessintheazimuthaldirectionleadstoanintegralacrossthe hairﬁberwhichisefﬁcientlyevaluatedusingaGaussianquadrature.Solvingcubicequationsisavoided,caustics areincludedinthemodelinaconsistentfashion,andmoreaccuratecolorsarepredictedbyconsideringmany internalpathways.

		Categories and Subject Descriptors (according to ACM CCS): I.3.7 [Computer Graphics]: Three-Dimensional GraphicsandRealism—Shading

		
			
					
					1. Introduction

					Accuratelyaccountingforthereﬂectancefromhairandfur isofconsiderableimportancefortherealisticimagesynthe- sis of believable characters in ﬁlm and video games. The ﬁrststeptowardsachievingthisgoalispossessinganaccu- ratemodelforthereﬂectancefromanindividualhairstrand. The seminal work on this subject, due to Marschneret al.[MJC∗03],presentsananalyticfactoredmodelbasedon aninternalrefractedpathwayanalysis.Thismodeliswidely successfulbutisbasedonseveralsimplifyingassumptions thatlimititsaccuracyforlow-absorbinghair(suchaslight blondandwhitehair),forgrazinganglesofillumination,and forhighsurfaceroughness.Nearlyadecadeagoapproxima- tionswerechosentoyieldthemostefﬁcientmodelpossi- blethatwascapableofmatchingmeasureddata.Today,we ﬁnditpracticaltorevisittheapplicationofMarschneretal.’s modeltoroughsurfaces,derivingmorecomplexscattering functionsthathaveseveraldesiredproperties.

					2. Relatedwork

					Inthispaperwefocusexclusivelyonphysically-basedana- lyticﬁberreﬂectancemodels.KajiyaandKay[KK89]pre- sentedtheﬁrstsuchmodel.Ithasbeenimproveduponsig- niﬁcantlybyMarschneretal.[MJC∗03]byconsideringvari- ationofreﬂectanceintheazimuthaldirectionsandaccount- ing for internal absorption and caustics. The methodsof Marschner et al. [MJC∗03] have been extended in several

				
					
				
					
					papers. Zinke and Weber [ZW07] introduced the formal- ism of Bidirectional Curve Scattering Distribution Func- tions(BCSDFs)andanear-ﬁeldmodel,importantforclose renderingofhairﬁbersandglobalillumination.Theyalso presentedafar-ﬁeldmodelwhichisverysimilartotheaz- imuthalcomponentofournewmodel,butwithadifferent treatmentofazimuthalroughness.

					  Zinkeetal.[ZRL∗09]foundthataddinganon-physical diffuse term and a parameter to scale the primary re- ﬂectance term improved the accuracy of ﬁtting the model ofMarschneretal.[MJC∗03]tomeasureddata.Sadeghiet al.[SPJT10]presentedanartistfriendlymodelwhichsim- pliﬁestheuseoftheMarschnermodel.Thesemodiﬁcations areusefulinpracticebutdonotprovideagloballyenergy- conservingmodel,whichisthegoalofthispaper.

					  Ogaki et al. [OTS10] present a simulation-driven ap- proach to generating hair reﬂectance functions basedon photon tracing through translucent user-modeled hair-ﬁber micro-geometry. The resulting reﬂectance data is stored in tables such as those proposed by Nguyen and Don- nelly[ND05]forreal-timehairrendering.Thismethodcre- ates energy-conserving models but lacks the control ofan analyticparametrizedmodelandrequirestheusertomea- sureandmodelthemicro-geometryofthedesiredhairtype.

					  Our model can be efﬁciently integrated within previous methodsforcomputingmultiplescatteringwithinhairvol- umes[LV00,MM06,ZYWK08,SSD∗10].Foranextensive
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		allsuchcomponentscatteringfunctionsSp

		S(θi,θr,φ)=∑∞

		Sp(θi,θr,φ)	(1)

		p=0

		eachofwhichisfactoredintoalongitudinalscatteringfunc- tionMp(Figure1a)andanazimuthalscatteringfunctionNp (Figure1 b)

		Sp(θi,θr,φ)=Mp(θi,θr)Np(θi,θr,φ).	(2)

		
			
					
					Figure 1: Refracted  pathways through a  hair ﬁber. Single Reﬂectance (R), double transmittance (TT), and transmission-reﬂection-transmission (TRT). Our model in- corporatesanewTRRTterm(showningreen).

				
					
				
					
					Foracircularﬁberwithasmoothsurface,theﬁrstfourscat- teringfunctionsSp  canbesolvedforexactly.Effectsfrom elliptical hair ﬁbers, surface roughness, and tilted cuticle scalesareintroducedapproximatelybymodifyingtheide- alizedmodelinanappropriatefashion.

				
			

		

		
			
					
					reviewofhairshading,animationandmodelingtechniques

					wereferthereadertothesurveybyWardetal.[WBK	07]. ∗

					3. FactoredHairReﬂectanceModels

					Arichsetofphenomenaispredictedbytheanalyticmodel of Marschner et al. [MJC∗03] by decomposing the re- ﬂectanceintoseparatemodesofpropagation.Theypresent solutions for the ﬁrst three modes—the direct reﬂectance (R),thedoubletransmittance(TT)andthesetofpathways withexactlyoneinternalreﬂection(TRT)(Figure1).Were- viewthefactoredpathwayanalysisofMarschneretal.for smoothhairﬁbers,whichformsthebasisofournewmodel, andsubsequentlyinvestigatethemethodoftreatingsurface roughness.

				
					
				
					
					4. LongitudinalScattering

					In this section we consider the thought experiment of ob- serving anon-absorbing hairﬁber ina uniform,white en- vironment.The1/η2solidanglecompressionsandcontrac- tionscancelandallpathsleadtowhite,makingthehairin- distinguishablefromthewhitebackground.Theanalysisof thisproblem(or,speciﬁcally,anequivalentreciprocalprob- lem)isusedtoshowthatpreviousextensionsofMarschner etal.[MJC∗03]toroughhairsarenotenergy-conservingfor allroughnessesandanglesofillumination/viewing.Weuse thesameanalysistodemonstratetheenergyconservationof ournewproposedscatteringfunction.

					4.1. TheGaussianMpLongitudinalScatteringFunction

				
			

		

		
			
					
					  WeadoptthenotationofMarschneretal.[MJC∗03]for parametrichairreﬂectancemodelsdescribedasafunction ofincomingandreﬂecteddirections,denotedω~iandω~r,re- spectively.Thelocalcoordinatesystemofthehair,{~u,~v,~w}, has~utangenttothehairinthedirectionofgrowthandthe planespannedby{~v,~w}iscalledthenormalplane.Sym- metrypermitsaparametrizationintermsoflongitudinalin- clinationstothenormalplane,θi	andθr,togetherwiththe

					relativeazimuth,φ=φr−φ

					i.Notationissimpliﬁedbyre-

					ferringtothelongitudinaldifferenceangleθd=(θr−θ

					i)/2

					andhalfangleθh=(θr+θi)/2.Theindexofrefractionηof thehairistypicallyﬁxedat1.55.Absorptioninsidehairis primarilycausedbytwopigments:eumelaninandpheome- laninwithconcentrationsρeandρprespectively.Giventhe absorptioncross-sectionsforeumelaninσa,e	andpheome- laninσa,pforeachwavelengthoflight(seeSection6.1),the spectralabsorptioncoefﬁcientisµa=ρeσa,e+ρpσa,p.

				
					
				
					
					Marschneretal.[MJC∗03]proposeanefﬁcientmethodfor simulating reﬂectance from a hair ﬁber with a rough sur- face. In the idealized case of a smooth circular hair, light arrivingalongasingleincominginclinationθiproducesre-

					ﬂectedlightrestrictedtothespecularconeθr=−θ

					i (Fig-

					ure 2 left). This yields a longitudinal scattering function Mp =δ(θr+θi)	for all p and is energy conserving.To simulatedeviationofreﬂecteddirectionsoutoftheperfect specularconeduetoroughnessonthesurfaceofthehair, Marschneretal.[MJC∗03]proposeusingaGaussianfunc- tionofthehalf-angle,

					Mp=g(βp;θh−α

					p),	(3)

					where

					θ2/(2β2)

					g(β;θ)= e−

					√2πβ	(4)

				
			

		

		
			
					
					  AfactoredreﬂectancemodelS(θi,θr,φ)exploitstheBra- vaispropertiesofanidealizedsmoothcircularhairﬁber.The totalreﬂectanceisdecomposedintoasumofcontributions indexedbythenumberofpathsegmentspinsidethehairbe- foreexiting,p∈{R=0,TT=1,TRT=2,TRRT=3,...} (seeFigure1).ThetotalreﬂectancefunctionSisthesumof

				
					
				
					
					isanormalizedGaussianoflongitudinalinclinationθ,βis aroughnessterm(speciﬁcally,thestandarddeviationofde- ﬂection out of the specular cone in the longitudinal direc- tion),andαp  isasimplefunctionofthetiltofthecuticle scales(Figure1).Theangularredistributionofradiancein Equation(3)isnon-conservantforseveralreasons:
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					Figure2:Raysreﬂectingoffasmoothcylinderarerestricted toasinglespecularcone(left).Thelongitudinalscattering functions Mp simulate scattering into non-specular cones duetoaroughsurface.Thecompressionandcontractionof theseconesinvolvesanetchangeinradiance.Fordeﬂection intoanglestowardthenormalplane(right)thesamenumber ofphotonsenterawiderconeandtheradiancedecreases.

				
					
				
					
					Figure3:Totalreﬂectancefromcylinderswithη=∞and variousroughnessesβduetounitincomingradianceata singleangleθi.Gaussianlongitudinalscatteringfunctions arenotenergy-conserving.Ournewmodelproducesatotal reﬂectanceof1forallθiandβ.

				
			

		

		
			
					
					• The Gaussian in Equation (4) is normalized with re-

					spect to θ ∈ {−∞,∞} but it is evaluated with θ h ∈

					h ∈

					{−π/2,π/2}.Also,theuseofθ

					hinsteadofθdoublesthe

					reﬂectedenergyonaverage(Figure3).

					• Deﬂectionoflightfromonespecularcone−θi	intoan-   other θr involves a compression or contraction of the   coneswhenθi=−θr(seeFigure2).Thisisonlyapprox-   imatelyaccountedforbya1/cos2θd	terminMarschner   etal.[MJC∗03].

					• Deﬂection near grazing illumination angles moves con-   siderable energy into angles outside of the range θ∈   {−π/2,π/2}(anglesthatwillneverbereceived,thereby   losingenergy).

					  A characterizationof this non-conservant scattering can beseenbyconsideringthetotalreﬂectanceofanabsorption free(µa=0)hairﬁberunderunitmonodirectionalillumina- tion.Tosimplifytheanalysis,weobservethebehaviourof MRonlybyhavingRreturnalltheenergy(settingtheindex ofrefractionto∞).Thetotalreﬂectedenergyisthen  −πꢀZ

					H∞(θi)=Z

					NR(φ)	dφ

					cos2θrdθrꢁ

					π	π/2  −π/2

					MR(βR,θh)  cos2θd

					(5)

					where

					NR(φ)=(1/4)|cos(φ/2)|	(6)

					is the azimuthal scattering function for R and MR = g(βR;θh)[MJC∗03].Plotsofthetotalrefelctanceforvari- ouslevelsofsurfaceroughnessareshowninFigure3.The GaussianMp functioncreatesextraenergyforgrazingan- gles. For small roughnesses, the total energy is near 2 for mostvaluesofθi(duetousingθhwithadistributionfunc- tionnormalizedoverθ).Thisenergydoublingwasremoved byswitchingtoMR=g(βR;2θh)[ZW07,ZYWK08].How- ever,theGaussianstillyieldsextraenergyatgrazingangles andenergylossforhighroughnesses.Thesamebehaviour arises in other terms, such as TT and TRT. Indeed, Equa- tion(5)isequivalenttoconsideringthetotalreﬂectanceof anindexη=1.55hair,providedµa=0andαpandβpare

				
					
				
					
					constantforallp(thelongitudinalfunctionsMparethenall equalandfactorout,leavingtheunit-integralazimuthaldis- tributionfunction∑∞p=0Np(φ)toreplaceNR(φ)).

					4.2. AnEnergy-ConservingLongitudinalScattering

					FunctionMp

					Wederiveanovellongitudinalscatteringfunctionthatcon- servatively redistributes reﬂected radiance amongst direc- tionsonthesphere.Thisisachievedbyemployingspherical- Gaussian convolution. For use with a factored reﬂectance model,wederiveapurely-longitudinalfunctionbyaverag- ing the behaviour in the azimuthal direction. We consider thesphericalGaussianconvolutionofaDiraccircleonthe surface of a sphere. The longitudinal proﬁle of the result- ingdistributionisournewscatteringfunction.Wereferthe readertoAppendixAforacompletederivation.Theresult- ingfunctionis

					v	I0ꢀ

					v	ꢁ i)cosθr

					csch(1/v)	cos(−θ

					sin(−θi)sinθr

					Mp(v,θi,θr)=	e  2v

					 (7) where v=β2  is the roughness variance and Io(x) is the modiﬁedBesselfunctionoftheﬁrstkind.Theshapeofthe newlongitudinalscatteringfunctionisshowninFigure4for variousincidentangles.Itisasymmetricaboutthespecular coneangle,exhibitinganoff-specularpeaksimilartoplanar BRDFs,andforallroughnessesisenergyconserving:

					−πꢀZ

					NR(φ)Mp(v,θi,θr)cosθidθiꢁ

					H∞=Z

					dφ=1.

					π	π/2

					−π/2

					Notethatallincidenceandexitancefactorsarecontainedin theonereciprocalfunction(Equation7).Thisisconvenient inarasterizationframework,thecontributionofagivenﬁber toagivenpixelbeingproportionaltoitscoverageCofthe pixel and to the ﬁnal scattering function S (Equation1), CS(θi,θr,φ). The unprojected length of the hair withina

					pixel,thehairwidth,thecosθiand	1  cos2θd factorsrequiredof

					previousmodelsareabsent.ThetransformationtoaBCSDF isstraightforward.

				
			

		

		ꢀ2011TheAuthor(s)

		c c

		ꢀ2011TheEurographicsAssociationandBlackwellPublishingLtd.

		

		E.d’Eon,G.Francois,M.Hill,J.Letteri,&J.-M.Aubry/AnEnergy-ConservingHairReﬂectanceModel

		
			
					
					Figure 4: Shape  of our energy-conserving longitudi- nal scattering function (Equation 7) as a function of exitant direction θr for ﬁxed  incident directions θi∈ {−1,−1.1,−1.2,−1.3,−1.4}(radians).Thespecularcone directionsareindicatedinorangetoillustratetheasymme- tryandoff-specularpeakforlargeθ.Roughnessisﬁxedat v=0.02(β=8.1◦).

				
					
				
					
					Figure5:Totalreﬂectancefromawhitehairﬁberasafunc- tionofincomingdirectionθi.Previousmodelsonlycompute the ﬁrst three modes of reﬂectance, R, TT, and TRT, miss- ingalmost15%oftheenergyatgrazingilluminationangles. OurnewmodeleasilyaddsadditionaltermslikeTRRT.

					energyisduetoTRRTandhigher-ordertermswhenthean- gleofincidenceishigh(Figure5).

				
			

		

		
			
					
					5. AzimuthalScattering

					Marschneretal.[MJC∗03]analyzetheazimuthalscattering behaviourinsideaﬁberindependentlyfromthelongitudinal behaviourbyexploitingBravaispropertiesofsmoothcylin-

					ders.Usingamodiﬁedindexofrefractionη0=√

					η2− sin

					2θd

					cosθd	,

					thegeneralanalysiscanberestrictedtoanequivalentanal-

					ysisinthenormalplaneonly.Thenetchangeinazimuthal directionΦisrelatedtotheoffseth∈{−1,1}fromthehair ﬁber(Figure1b)andp,themodeofreﬂectionbeingconsid- ered,by

					Φ(p,h)=2pγt−2γ

					i+pπ,	(8)

					whereγi=arcsin(h)andγt=arcsin(ηh0).

					  One method of applying this analysis is the method of solving for  h. Given Equation (8), Marschner et al.[MJC∗03]solveforallvalueshthatresultinlightexiting thehairtowardsthecamera(ﬁndinghsuchthatΦ(p,h)=φ). Absorption,FresnelandderivativesofEquation(8)produce the outgoing radiance along this discrete set of paths. For theRreﬂectionmode,theﬁnalNfunctionissimplyacosine (Equation6).Thecomplexityincreasesrapidlyforhigher- orderterms.ForTT,thesingleexacthsolutionis

					 sign(φ)cos(φ/2) hTT=

					p

					1+a2−2asign(φ)sin(φ/2)

					wherea=1/η0.FortheTRTpaths,eitheroneorthreevalues ofhexistforagivenφ,speciﬁcallythesolutionsof

					sin(φ/2)=−h+2a	1−h	1−a

					2h3+2ahp

					2p

					2h2	(9)

					whichexistinclosedform,butarequiteinvolvedandincon- venienttoimplement.Closed-formsolutionsexistforTRRT butnotforTRRRT.Withsigniﬁcantabsorptionthehigher- ordertermsp>2arenegligiblebutforhairswithverylow absorption(suchaswhitehair)almost15%ofthereﬂected

				
					
				
					
					  Marschneretal.[MJC∗03]useacubicapproximationof Equation (8) when solving for h, reducing the complexity ofhigher-ordertermsandofferinganapproximatemethod ofsolutionforanydesiredreﬂectionmode	p.However,the accuracy of this approximation has not been validated for largeporforlowrelativeindicesofrefraction(whicharises forhairunderwater).

					  Inadditiontothecomplexityofrequiringrootsolvers,the approachofsolvingforhisfurtherlimitedbysingularities caused by caustics, requiring ad-hoc user-deﬁned parame- terstocontrolthem.Additionally,theconsiderationofdis- creteazimuthalpathsindependentofroughnesscannotac- countforthespreadingofexitantdirectionsandcolorshifts thatoccurasroughnessincreases.Wepresentanalternative azimuthal scattering function that extends easily to higher orderscatteringterms,includescausticsinaconsistentsta- blefashion,andexhibitsroughness-dependentcolorshifts.

					5.1. RoughenedAzimuthalScatteringFunctionsNp

					We simulate the effects of surface roughness by assuming a Gaussian distribution of deﬂections in the normal-plane. Each offset h on the ﬁber produces a continuous distribu- tionofexitantazimuthsDp(φ−Φ(p,h)).Thesedistributions areGaussianinφandcenteredaboutthediscreteazimuths Φ(p,h)predictedbyasmoothhair(Figure7).Thetotalexi- tanceisfoundbyintegratingovertheentireﬁber

					2Z

					Np(φ)=  1

					1

					A(p,h)Dp(φ−Φ(p,h))dh	(10)

					−1

					whereA(p,h)istheattenuationalongeachpathduetoab- sorption and Fresnel [MJC∗03]. We employ a specialized normalizedGaussianfunctionDpwithanequivalenceofall multiplesof2π.Detectionatallmultiplesof2πisimpor- tantinordertoaccountforallexitantlight,whichmayun- dergoseveralcompleteazimuthalrevolutionsinsidethehair
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					Figure6:RoughazimuthalscatteringNTT(φ)withθd=0.8, βTT=25◦,andµa=0.Previousmethods[ZW07](dashed) transmitapproximatelyhalfoftheexpectedlightinthefor- warddirectionsφ=π=−π.Thisiscorrectedbyusingour newGaussiandetector(Equation11).

				
					
				
					
					Figure8:AzimuthaltransmittancecolorNTT	forasmooth hair(top)vs.aroughhair(bottom).Includingroughnessin theazimuthaldirectionspreadsenergywider.Thecontinuum ofabsorptionlengthscontributingtoeachexitantdirection φcausesaroughness-dependentcolorshift.

					whereF(η,θ)isFresnelreﬂectanceandisevaluatedusing thehalf-angleforphysicalconsistency.WenotethattheBra- vaisFresneltermsproposedbyMarschneretal.[MJC∗03] areunnecessary—allothertermscanuse

					2 p−1	0	p  f	T(µ	h)	(13)  ,  a

					A(p h)=(1	f) ,	−

					whichshareacommonclassicalFresnelevaluation

				
			

		

		f =F(η,arccos(cos(θd)cos(arcsin(h))).	(14)

		
			
					
					Figure7:Roughazimuthalscattering(TT):foreachoffset hfromthehairﬁbertheexactazimuthΦ(p,h)predictedby asmoothhairisusedtocreateaGaussiandistributionof exitantazimuthsDp(φ−Φ(p,h)).

					for p>1. We found that the treatment of Zinke and We- ber[ZW07]didnotcompletelyresolvethiseffect(forex- ample,theproximityofthevaluessuchasπ−εand−π+ε wasnothandled,seeFigure6).Wecallthisnewdistribution functionaGaussiandetector

					Dp(φ)= ∑∞

					g(βp;φ−2πk).	(11)

					k= −∞

					Theroughnessinthenormalplanecanusethesamestan- darddeviationsβp  usedwiththelongitudinalfunctionsor use separate parameters for producing anisotropic rough- ness. As the roughness β approaches 0 the Gaussian de- tectorapproachesaDiracdeltafunctionandthescattering functionsofMarschneretal.[MJC∗03]arerecoveredstart- ingwithEquation(10).Inadditiontospreadinglightwider, roughness-dependentcolorshiftsareexhibitedwhenusing ournewazimuthalscatteringfunction(Figure8).

				
					
				
					
					The absorption term T(µa,h)=exp(−2µa(1+cos(2γ

					t )))

					uses the reduced absorption coefﬁcient µa0 =µa/cos(θt).

					Effectsofcuticlescaletiltingcanbeaddedbyevaluatingthe

					longitudinal scattering functions with Mp(vp,θi,θr−α

					p).

					Note that this is only approximate—the change in length of successive internal bounces due to tilted scales (shown in Figure 1a) is not accounted for. The Gaussian detector (Equation11)hasaclosedformrepresentationintermsof thethirdElipticThetafunction.Inpracticeitiseasiesttoim- plementitwithaﬁniterangeofk,sincehigherorderterms arenegligibleforreasonableroughnesslevels(β<80◦).We usethefollowingseriesexpansiontoevaluateI0

					
						
								
								

							
								
								I0(x)≈

							
								
							
								
								10

								∑

								i=0

							
								
							
								
								x2i

								.	(15)

								4i(i!)2

							
						

					

					
						
								
								We evaluate Equation (10) using a Gaussian quadrature. Wefoundaquadratureoforder35issufﬁcientforallbut verysmoothhairs(β<2◦).TheNp	functionscanbepre- computedin2Dtablesforeachdesiredcombinationofµa andβp [ND05].Furthermore,symmetrycanbeusedtore- ducecostbyintegratingoverh∈{0,1}andextendingthe Gaussiandetectortodetectatbothφand−φ.Non-Gaussian roughnesscanbesimulatedbyapproximatingageneralde- ﬂectiondistributionfunctionasaGaussiansum.

								6.1. RGBMelaninAbsorptionCross-Sections

							
						

						
								
							
						

					

				
			

		

		
			
					
					6. FinalModelandImplementation

					For completeness, we provide the remainder of the model (whichdiffersfromMarschneretal.[MJC∗03]insomere- spects).TheattenuationtermforRisaspecialcase

					
						
								
								

							
								
								A(0,h)=F(η,1

								2

							
								
							
								
								arccos(ωi·ω

								r)).	(12)

							
						

					

				
					
				
					
					Starting with the analytic approximations for melanin ab- sorptioncross-sectionsgivenbyDonnerandJensen[DJ06], we computed absortion colors using 40 spectral bands, mapping to sRGB based on a D65 illuminant. We found that RGB cross-sections could closely, but not perfectly, matchthecolorspredictedbythespectralmodel.Theval-

					ues we found are σa,e ={0.419,0.697,1.37} and σ

					a,p =
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		Eumelanin

		Pheomelanin

		
			
					
					Figure 9: Transmitted  color through eumelanin and pheomelanin mixtures as a function of thickness (increas- ingtotheright).Stripsatthetopandbottomshowpureeu- melaninandpheomelanin,respectively,withthetophalfof each strip showing the spectral reference, and the bottom halfshowingtheRGBapproximations.

				
					
				
					
					Figure11:Lighthairrenderedusing(left)Gaussianlongi-

					tudinalscatteringand(right)ourmethod.

				
			

		

		
			
					
					Figure10:Arangeofresultsusingourmodelwithvarying mixturesofeumelaninandpheomelanin.Thetoprowshows pure eumelanin, the bottom row shows pure pheomelanin, andtotalconcentrationofbothincreasestotheright.

				
					
				
					
					fromspectrally-matchedmelaninconcentrations,shownin Figure 10. Figure 12 shows a further example of nat- ural, physically-based color, also demonstrating energy- conservant glints that do not require any smoothing con- trols.Glintscaneasilybeadjustedbymodifyingthephysical propertiesofthehairﬁbers,suchasrotationandeccentricty similartoMarschner[MJC∗03].

					8. ConclusionsandFutureWork

				
			

		

		
			
					
					{0.187,0.4,1.05} (with units proportional toR

					2 such that

					concentrations near 1/R3 give black hair; R being the ra- dius of the hair). The resulting colors are shown in Fig- ure9.Thehorizontalbarsatthetopandbottomoftheﬁgure comparespectralabsorptioncalculationstotheapproximate RGBequivalents.Thematchisquiteclose,makingthehor- izontaledgebetweenthetwodifﬁculttonotice.

					7. Results

					In this section we present images obtained using a Pixar Photorealistic Renderman implementation of our model. We compute multiple scattering using the Dual Scatter- ing method [ZYWK08] into which our model integrates seamlessly. Figure 11 compares a Dual Scattering simula- tion of light hair using both Gaussian longitudinal func- tions(MR=g(βR;2θh)toavoidenergydoubling)andour sphericalGaussianconvolutionlongitudinalfunction.Light spreads farther into darker regions with our new scatter- ingfunctionbecauseDualScatteringapproximatesmultiple- scatteringeventsasasinglecomputationwithalargeeffec- tiveroughness.SuchhighroughnessesarewheretheGaus- sian longitudinal function loses signifant energy (for most angles,asseeninFigure3).

					We demonstrate a full range of hair colors derived

				
					
				
					
					Wehavepresentedanewfactoredreﬂectancemodelforhu- manhairﬁbers.Ourparametricmodelisenergy-conserving forallroughnessandabsorptionlevelsandforallanglesof illumination.Theimplementationofourmodelisstraight- forwardandextendseasilytoallordersofinternalreﬂection withouttherequirementforrootsolvers.Wehavedemon- stratedrealisticresultswithourmodelandimplementeditin bothreal-timeandproductionpipelines.Anareaforfuture workisphenomenologicalcomparisonswiththisnewmodel anditseasyextensiontonon-uniformchromophoredistri- butions,suchasincludinganon-absorbingmedulla.Prelim- inaryexperimentswiththisidealedtosubtleshiftsincolor, requiringmeasurementstovalidateitspracticality.Theen- ergyanalysisofTRRTandhigherordertermssuggeststhat thesearenotthecausefordiffusivecoloredreﬂectanceob- servedinhair,aspreviouslysuggested.Webelievethisphe- nomenamustariseduetoinner-corescattering,whichalso desaturatestheprimaryterms.Apossibleextensiontofeath- ersseemspromising(Figure13).
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					AppendixA: DerivationoftheMpfunction
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					thenegationsinEquation7).
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